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Outline
1 . 5150 balanced realization .

balancing gramians
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Markov parameters
3

. Siso balanced realization .
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and dirt.
matrices .

4 . 141170
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5. yrealigalim, using the
Markov

parameters in the 171170 case
.

-

Nite that both Wc and Wo are

symmetrih but We ' Wo may not
be

symmetric .



We = ED Q = AT Dk D"' Q
- -

TE R

Wc > O D > O

R =D
"'
Q is not orthogonal
but is nonsingular

det ( T - I - Wowo ) =
deffMI - RTR Wo)

Recall that for nxn matrices A andB

det (XI- AB) = dot (XI- BA )

det ( TI - RTWo R)
which implies that Wo Wo and

R Wo RT have the same

set of eigenvalues, thus Wc Wo have

positive eigenvalues .



Thing. For any n dimensional state (Sho)

system (A
, b. c), there exists

an equivalence transformation
I = Px

such that the controllability gram ian WJ
and observability grunion WJ of its
equivalent sgitem bare the property

...:÷÷.÷%÷
Proof :

we = TER

R Wo RT I
can be diagonalized
U -2,2 UT

U is orthogonal, i.e .
UTU = I

let



then from Wc = RTR
=

one gets, after selling P in ④ in

NJ =P Wc PT

WT = I
,

" UT (RT)
"

We R
' '

U -2,42
RTR

= I

and from R Wo RT = U IZ UT

WT Ipt )
- '
Wo

(PT)
"

= (p
-

1)
T

WT = I
,

- th UTR Wo RTU E
- th

-

= I
,

-
'k UT U IZ UT U E

-Ye

=

= E-
"2 252 E
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= 2T

I = diag (T
, ,

- a -

,
Tn)

T , s, R 3
. - - 3 Tn 70



the product Wc Wo of any minimal

realization is similar to T .

-

r
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Markov parameters (Sho car )
Recall the Markov parameters :

CB
,
CAB
,
CAB
,

. . -

2. I Realization from Markov parameters

Gls) =
Pls
" '

-1/325-7 . . - +Past Ba
-

shed
,
Sn - '

+ . . - tan-ist Nn

Gls ) = hlo) x ht) s - '+ hlz) 52T . . - t

him) = DIII, gal ← impractical

gltl is the impulse regime
due ⇐ none

.

13, s
" 't Bash

-2

+
.
. . c- Pn = (sat as "-4 - r - tan )

(hlolthll)5 't 4112157 . .
. )



hal =p,
ha ) = - 4, ht) t 132

4131 = - 22h12) - all) htt) t 133
'

:

h1n1 = - x, hln.it - ah Cn-z ) - - .
- - an- , h1n1

+ Pa

"

nii.in:*::*:
'

i
.

-

hla ) Hati ) - -
- http - l )

theorem : a strictly proper rational
function Gls) has degree R, if and

only it
,

rank IT In, n ) )
= rank ( T (nth,

nee) ) -- n

for any K
,
l = 1,2,

r . .



Proofed him) = - a, him- i ) - x. him -2 )

④ - r . .

- an - ihlm - htt) -
an hlm - n )

* rank IT In .nl/--rankfTlnti,n) )
= rank (TIN

,
h ))

because ④ net rows can be expelled
by the previous rows

,
therefore tµ

,
-

now gls) = hkl s
- '
t hh) s

- it . .
.

(remark strictly proper implies 447=0)
then using **f we can compute hi

of ⑤ and we use

htt =p ,

blue -4h14 -1132
hb) = - a, ht-4 - a- hllltp,

i

Wn ) e- .
. -

so as to determine the Pi



Realization problem . (strictly proper Sho)#

Gls ) = CB S
- I
+ CABS

-2
,
CA
'

Bs -3

= C CSI -AJB
(A
,
B
,
c ) is a realization
⇒

htt = CB
html

.

- CAM
-'

Bhat = CAB
h 131 = CAB

-

CB CAB CAB . - CAMB

Thin -
- µ¥,

"?
.

.

-

;)21h- t)
CAN

- '

B .
. . CA B

which implies
1-(n,n/= OC
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Until . .
. hknl

ii:i÷o
We can obtain many different realizations .
The simplest is to select O = I

E = Tln
,
n)

A = Fln
,
n ) T

- '
In
, 4

The first row of O -_ I gives

( I
= ' ' o o . . . o]

The first column of This) gin , B



"

.

hlnl

We also have

0 I 0 . . - O

O O l . . .
O

µ . .
. I §T hint - Fln ,

n )

O - a - O l

-Ah - Nn - I - . .
-Az - A ,

We get an observable canonical form by forcing
O = I

.

Gls ) = 482-25-6
254 +253+25435+1

0.5 't 2 s - Z- 353-254+25I 3,557 . -
#

TT Nj
n --

14 We constitute T14,4)
and compute its rank, it is 3 .

⇒ numerator and denominator have a
common factor, not coprime



2 - 3 - 2

f- ( 3,3) = [ 3 2 2 )
- 2 2 3,5

O 2 -3

they =/; :3 !
A- Ft

- '

=/:
'

oof
.

O I -0.5 - I 0

↳
c=[ i o ° ]

- -

13=11,1
-

-



Balanced form silo case .

i÷÷÷÷÷÷÷÷:÷
..

We use singular value decomposition
(recall T

no;"÷÷¥
: KEL

A- is arbitrary, K and L are orthogonal
K - KT= Im LLII

n

and I -- [
'

g. Tito

s rot in matlab
-

fsrd
Thin) = K X LT = KA

"' N''Lt
- -

T = O - e

O e

e E Nk Lt

O E K Alk



o
- '
= Fh KT C-

'

=L IT
"

I = OA e

A = O
'F E

'

B first column of Ec:÷"÷÷÷÷s→(since O = 'tan.it )

is a minimal realization and balanced.

Eet-- A
"' LTLA "! X

Oto = A
" KTKA "' = A



↳ .

171170 balanced realization
balancing the grumians.

→ works exactly as for the Sisco case

→
we need howerec to show that

tow minimal realizations are similar .

J
.

171170 balanced realizations
balancing obs and drl. matrices .

Scalar case (5150)
Oe -- EE

P = -0-1 O
= I e-

1

matrix case ( 171170)
O and I ng x n of rank n.

E and E n xnp otranhn .

OAe = I



Let us introduce the pseudo -inmates OtandC?

O
+ E @to)

- ' OT

OtO = I

et E E Ce et5
'

e et = I

A E Ot F et

::÷:i÷÷:÷:÷÷÷÷÷
E = (Eto)

- '

ET
.
O e =P e

E = O e E 'TEET)
-

I o p
- I

i.EE?EIEtIEFF



Jul Realization from the Markovparameters
(in the 171120 case) strictly proper

P
<→

Gls) = 9 I HH s
- '
+ Hk ) s -'

+ HIS ) 53

Y
' ' '

'"⇐

t
.

"" "" "
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When the rank becomes constant

r is equal to the degree of the

minimal polynomial

T -
- K Oo )E

A = diag (di )
hi
,

' ' -

,
Xn

clearly n is the rank of T .

let t denote the first n columns of K.

and IT denote the first n rows of LT

T -_ Th AIT
- I Nha't
c-I

= Oe
-

=

O
= IN

"'
and e=A"'IT
-
-

Note that Ois ngxn
-

E is nxnp



Ote [ a'k ETE Ak]
- '

H'KJET
Ot = A

K ET

Et = I d
'k

A{÷÷÷÷:
OTO = a

" Itta " = A
E et = d

'k [ TIME A


